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Abstract 
The cumulative concept proposed by Palmgren and Miner [1] maintains that the damage level can be expressed in terms of the 
number of cycles applied at a given stress range divided by the number of cycles needed to produce failure for the same stress 
range. Failure occurs when the summation of these damage increments at several stress ranges becomes unity. After this 
formulation, this rule is repeatedly tested for different materials under multi-step and variable amplitude loading programs [2]. 
Though its applicability has been often questioned, it has been practically adopted by all design codes related to structural and 
mechanical fatigue design. In this paper, a fatigue damage assessment of a riveted connection made of puddle iron from the Fão 
bridge [3-6] using the modified probabilistic interpretation technique (MPIT) is applied [7]. This technique is a generalization of 
the Van Leeuwen and Siemes [8, 9] work by considering a probabilistic S-N field providing a statistical distribution of the Miner 
number although based on a log-normal distribution. This generalization was proposed by Fernández-Canteli [10], based on the 
probabilistic model developed by Castillo and Fernández-Canteli [11]. 
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1. Introduction 
Birnbaum and Saunders [7] tried to find a relation of the probabilistic distribution of the Miner number to the 
crack growth. Later, Van Leeuwen and Siemes [8, 9] conducted series of tests on plain concrete and interpreted 
directly the scatter of the Miner number (M) by obtaining theoretical expressions for the mean and standard 
deviation values of M from the Wöhler curve. These formulae, initially derived for the simple case of constant 
amplitude cycling were then extended to the case of general loading. 
Based on Holmen’s investigation on concrete [12] was proposed by Fernández-Canteli [10] a generalization of 
the Van Leeuwen and Siemes work. This generalization considered a probabilistic S-N field providing a statistical 
distribution of the Miner number although based on a log-normal distribution. Some theoretical advances were 
performed in [11] and [13]. 
On this basis, the Miner number can be used to ascertain the probability of failure, as a more suitable design 
criterion, rather than as a measure of a “degree of damage”. It can then be taken as a basis for a consistent life 
prediction in fatigue design, in accordance with the consideration of fatigue failure as limit state. 
In this paper, a modified probabilistic interpretation technique to fatigue damage under variable amplitude data is 
used. This technique is based on the probabilistic model by Castillo and Fernández-Canteli [11] and applied the 
experimental data of a riveted joint made of a puddle iron original from the Fão bridge [3-6]. One advantage of this 
approach is the possibility of associating a failure probability to the classical Miner number without the need of 
performing extensive variable amplitude testing aiming the identification of the cumulative distribution by direct 
ranking of data.   
The classical Miner damage approach is not well suited to model sequential effects such as those arising from 
two-blocks loading (e.g. High-Low or Low-High sequences) or to consider single or periodic overloads 
superimposed to constant amplitude loading. In these cases, the variation of the Miner number from expected value 
(e.g. 1) may not only be attributed to the scatter in fatigue data but also to such sequential effects.  
The MPI technique aims to associate a failure probability to the Miner number, only accounting for the scatter in 
fatigue data. 
 
Nomenclature 
B  parameter related to threshold lifetime in probabilistic fatigue model 
C parameter related to endurance limit in probabilistic fatigue model 
LM logarithmic Miner number 
M Miner number 
N number of cycles (fatigue life) 
Ni number of cycles applied with stress range Δσi 
Nfi number of cycles to failure by application of the stress range Δσi 
p probabilistic to failure 
S  stress range 
V normalized variable 
β shape parameter of Weibull model 
δ scale parameter of Weibull model 
ɛ strain 
λ threshold parameter of Weibull model 
Δσ stress range 
Δσi stress range for a block loading 
2. Proposal to associate failure probabilities to (log)miner numbers 
The modified interpretation probabilistic (MIP) technique, to associate failure probabilities to the Miner number, 
is supported by the probabilistic model proposed by Castillo and Fernández-Canteli [11]. This model allows the 
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definition of probabilistic S-N or ɛ-N fields, where percentile curves, representing constant probability of failure are 
established. Figure 1 shows that the normalized variable V=(logN-B)(logΔσ-C) present in this model follows 
Weibull or Gumbel distributions. The normalized variable, V, resulting from the product of an applied stress or 
strain ranges with a load duration N, is directly related to the probability of failure. The probability of failure is a 
monotonic increasing function of the normalizing variable, V, and consequently of the number of cycles and 
stress/strain range/amplitudes. For a fixed stress/strain range/amplitude, the probability of failure increases with the 
number of cycles; in the same way, for a fixed number of cycles, the probability of failure increases the increasing 
stress/strain ranges/amplitudes. By considering this normalized variable, equivalent loading conditions are 
established, as those leading to the same probability of failure.  Considering the S-N field of Figure 2, the loading 
conditions (ΔσA, NA) and (ΔσB, NB) are equivalent since they lead to the same failure as a result of showing the 
same normalizing variable, VA=VB: 
     CσBNCσBNVV BBAABA   ΔloglogΔloglog   (1) 
The equivalence between two loading conditions is established based on percentile (isoprobability) curves. These 
isoprobability curves may be interpreted as isodamage curves, and the probability of failure, p, represented by the 
normalizing variable, V, may be understood as alternative damage measures [11]. The adoption of the probability of 
failure associated to the classical deterministic Miner number could be considered advantageous for design 
purposes, namely to establish safety margins. 
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Fig. 1. Cumulative Weibull distribution function of the normalized variable V. 
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Fig. 2. Probabilistic Weibull S-N field representation with two equivalent (same probability of failure and damage) loading conditions. 
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Given a variable amplitude loading, it is possible to compute the evolution of the normalizing variable, cycle-by-
cycle or, in case of blocks of constant amplitude loading, block-by-block. At the same time, the probability of failure 
may be computed using for example the Weibull distribution of the material or mechanical/structural component. 
With this process one can compute the failure probability associated to any variable amplitude loading history using 
exclusively the information of the probabilistic S-N field derived by constant amplitude fatigue data. These failure 
probabilities may be contrasted with the classical Miner numbers computed using, for example, the mean S-N curve 
of the material or mechanical/structural component. 
The process proposed to associate a failure probability to the Miner number can be summarized as follows [10, 
11, 14, 15]: 
i) A probabilistic S-N or ɛ-N field must be derived for the material or mechanical/structural component under 
consideration from constant amplitude stress or strain-based fatigue data. For this purpose the probabilistic model 
by Castillo and Fernández-Canteli [11] is used. Both Weibull and Gumbel distributions are possible candidates. 
ii) For available variable amplitude data, the Miner number (M) is computed using the experimental observed 
lives and the mean S-N curve derived using constant amplitude data in the previous step i). Alternatively to the 
natural Miner number, a logarithmic Miner number (LM) can also be computed. Both numbers are respectively 
defined as follows: 
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where Ni corresponds to the number of cycles applied with stress range, Δσi and Nfi corresponds to the number of 
cycles to failure by application of the stress range Δσi, computed using the 50% percentile of the P-S-N field 
evaluated in step i). In this step, the P-S-N field is presumed, but the process is similar for other probabilistic 
fields, such as the P-ɛ-N fields. 
iii) For the same variable amplitude loading of previous step ii), the evolution of the normalized variable, V, 
along the referred loading history is computed. This process can be performed according the workflow given in 
Figure 3, for a block loading {(Δσi, Ni), i=1,n}. 
iv) A direct relation between the Miner or Logarithmic Miner numbers computed in step ii) and the probability of 
failures computed in step iii) is established. From this relation a cumulative distribution function for the Miner 
number can be accomplished. This step may be implemented in distinct phases, starting with the V vs. p relation, 
then the M vs. V, or LM vs. V, relations may be computed and finally M vs. p or LM vs. p relations may be 
evaluated. 
v) Finally, the experimental cumulative distribution functions of the Miner number may be computed assigning 
probabilities to the experimental data by a plotting point position rule. In this way, a comparison between the 
theoretical and the experimental distribution, derived in step iv), can be established. For limited amount of 
experimental data under variable amplitude loading, the referred experimental distribution could be far from the 
expected one. 
3. Stress controlled test data for structural component: application and results discussion 
In this section, the fatigue experimental results performed under constant and variable amplitude stresses on 
riveted joints [3-6], will be used to attribute a probability of failure to the Miner or LogMiner numbers using the 
modified probabilistic interpretation technique (MPIT). These experimental results were obtained for a simple 
riveted joint made of puddle iron extracted from the centenary Fão riveted bridge, shown in Figure 4. Fatigue tests 
were executed under stress control and stress ratio, R, equal 0. The constant amplitude data were used to obtain the 
P-S-N field for the riveted joint (see Figure 5). A significant 1%-99% failure probability band is observed which 
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may be justified by the inclusion of two experimental fatigue data points in the plastic regime. The probabilistic 
field without these two data points narrowed. Figure 6 compares the experimental and theoretical distributions for 
the normalized variable, V. A very satisfactory agreement mostly for higher failure probabilities is observed. 
The variable amplitude stress applied to the riveted joints is illustrated in Figure 7. Three distinct stress spectra 
were applied corresponding to a repetition of the blocks. The first block is composed of individual stress cycles with 
stress ranges in the interval of 170 and 360 MPa. The second block is composed of individual stress cycles with 
stress ranges in the interval of 45 and 360 MPa. The last block shows a central region with higher stresses. In this 
latter block, the stress ranges also vary between 170 and 360 MPa. Each block is formed by 100 cycles with null 
stress ratio. A total of 8 specimens were tested: 2 specimens under spectrum 1; 3 specimens under spectrum 2 and 3 
specimens under spectrum 3. Table 1 summarizes the experimental results for the tested riveted joints, in terms of 
both blocks to failure and cycles to failure. 
 
Fig. 3. Procedure to compute the failure probability for a block loading (stress based formulation and Weibull distribution assumption). 
 
Fig. 4. Riveted joints made of Puddle iron, tested under constant and variable amplitude fatigue loading. 
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Fig. 5. Probabilistic S-N field obtained for the riveted joints using the 
Weibull probabilistic model proposed by Castillo and Fernández-
Canteli. 
Fig. 6. Comparison of experimental and theoretical cumulative 
distribution function obtained for normalized variable V associated 
to the S-N data of the riveted joints. 
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Fig. 7. Variable amplitude blocks applied to the riveted joints made of puddle iron from the Fão bridge. 
      Table 1: Experimental programme of variable amplitude tests performed on riveted joints 
Specimens Block Type
Interval of 
stress ranges 
(MPa)
No. of Blocks 
to Failure
Cycles to 
Failure
57 Spectrum #1 170 - 360 601 60100
58 Spectrum #1 170 - 360 701 70100
59 Spectrum #2 45 - 360 1309 130900
60 Spectrum #2 45 - 360 574 57400
61 Spectrum #2 45 - 360 1301 130100
62 Spectrum #3 170 - 360 282 28200
63 Spectrum #3 170 - 360 894 89400
64 Spectrum #3 170 - 360 660 66000  
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Figure 8 illustrates the cumulative distribution function of the normalized variable V, computed for each variable 
amplitude fatigue test. The probabilities of failure were computed using the Weibull field obtained for the riveted 
joints, represented in Figure 5, using the procedure depicted in the workflow of Figure 3. 
Miner and LogMiner numbers were computed using, respectively, Equations (2) and (3). For this purpose the 
denominator of these equations were computed using the 50% percentile (median S-N curve) of the P-S-N field of 
the riveted joint. The results were plotted in Figures 9 and 10, respectively for Miner and LogMiner numbers, 
against the normalized variable, V. Both representations are approximately linear, but the linearity is higher in the 
case of the LogMiner number versus V relation. The LogMiner number produces results that are much more close to 
the unity as suggested by the empirical failure condition. Replacing the normalized variable V in Figures 9 and 10 
by the cumulative distribution function of Figure 8, results the representations of Figures 11 and 12. These figures 
also include an experimental cumulative distribution for the Miner and LogMiner numbers that were computed 
using the data ranking according to Hazen. The two distributions (theoretical and experimental) produced 
approximately the same Miner and LogMiner numbers for the 50% probability of failure. For other failure 
probabilities, distinct but consistent Miner and LogMiner numbers are predicted using distributions. 
The probabilistic model, as proposed by Castillo and Fernández-Canteli [13] allows the use modified 
probabilistic interpretation technique (MPIT) for the fatigue damage even under variable amplitude loading histories 
to be made, taking the normalized variable, V, as a damage indicator. Taking into account this model proposed by 
Castillo and Fernández-Canteli [13] to assess distribution functions for the classical Miner and LogMiner numbers, 
the distribution of the normalized variable can be used to compute the fatigue damage for variable amplitude loading 
directly with evident advantages over the classical approaches based on Miner or LogMiner numbers. The constant 
amplitude probabilistic field can be used to compute failure probabilities for given variable amplitude data 
(extrapolation). 
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Fig. 8. Normalized variable V computed for the each loading history 
and corresponding failure probability computed using the Weibull 
distribution (riveted joints). 
Fig. 9. Normalized variable V versus Miner number (riveted joints). 
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Fig. 10. Normalized variable V versus Logarithmic Miner number 
(riveted joints). 
Fig. 11. Failure probability computed for the Miner number (riveted 
joints). 
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Fig. 12. Failure probability computed for the LogMiner number (riveted joints). 
5. Conclusions 
A statistical interpretation of the Miner is possible, without practically maintaining the simplicity of its 
calculation in the conventional approach allowing an increase of reliability in the lifetime prediction of structural 
and mechanical components. In order to proceed to an adequate probabilistic evaluation of the Miner number, a 
probabilistic definition of the S-N field is required. The low number of experimental data points in the case of 
riveted joints does not guarantee high confidence for the experimentally-based cumulative distribution. Higher 
scatter is found by the distribution obtained from the experimental data compared to that predicted from the 
theoretical model. 
The probabilistic results are comparable when a LogMiner model is used. This proves that that the Miner rule 
does not respond to a “linear cumulative damage hypothesis” as general believed. 
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